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1 Dot Product Distributivity

By definition, the projection of a vector ~v onto a vector ~u is:

proj~u(~v) = (~v · ~u)~u (1)

Referring to the figure below,

it is clear that

proj ~A( ~B + ~C) = proj ~A( ~B) + proj ~A(~C)

So, using equation (1), the above is equivalent to:[
( ~B + ~C) · ~A

]
~A = ( ~B · ~A) ~A+ (~C · ~A) ~A

In order for the above to hold (for any non-zero ~A), it is clear that the following must be true:

~A · ( ~B + ~C) = ~A · ~B + ~A · ~C (2)

Thus, the dot product is distributive.

1



2 Cross Product Distributivity

Consider vectors ~A and ~B such that they form the plane shown in the following figure.

I’ll say β is the angle between ~A and ~B, so that a line drawn from the tip of ~B perpendicular
to ~A has a length of | ~B| sinβ. The area of this plane, as given by the cross product, is | ~A|| ~B| sinβ.

In the next figure, consider a vector ~C such that it forms the following plane with the vector ~A.

I’ll say γ is the angle between ~A and ~C, so that a line drawn from the tip of ~C perpendicular
to ~A has a length of |~C| sin γ. The area of this plane, as given by the cross product, is | ~A||~C| sin γ.

Next, adding ~B and ~C allows us to form a plane between ~A and ~B + ~C, shown in the following
figure.

As with the previous two planes, I’ll say θ is the angle between ~A and ~B + ~C, so that a line
drawn from the tip of ~B+ ~C perpendicular to ~A has a length of | ~B+ ~C| sin θ. The area of the plane
is also just the cross product of the two vectors, | ~A|| ~B + ~C| sin θ.

Putting the four vectors, ~A, ~B, ~C, and ~B+ ~C, together forms a prism, as shown in the following
figure. Within this prism, I can define a triangle by drawing a line perpendicular to ~A within the
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